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Observed CMB anisotropies are lensed, and the lensed power spectra can be calculated accurately assuming
the lensing deflections are Gaussian. However, the lensing deflections are actually slightly non-Gaussian due
to both non-linear large-scale structure growth and post-Born corrections. We calculate the leading correction
to the lensed CMB power spectra from the non-Gaussianity, which is determined by the lensing bispectrum.
Assuming no primordial non-Gaussianity, the lowest-order result gives ∼ 0.3% corrections to the BB and EE
polarization spectra on small-scales. However we show that the effect on EE is reduced by about a factor of
two by higher-order Gaussian lensing smoothing, rendering the total effect safely negligible for the foreseeable
future. We give a simple analytic model for the signal expected from skewness of the large-scale lensing field;
the effect is similar to a net demagnification and hence a small change in acoustic scale (and therefore out
of phase with the dominant lensing smoothing that predominantly affects the peaks and troughs of the power
spectrum).
I. INTRODUCTION
Lensing must be accurately modelled to understand the observed CMB power spectra, as it changes the power spectra at
the 5–30% level on small scales and also introduces B modes [1–3] (see Ref. [4] for a review). In a previous paper, Ref. [5,
hereafter PL16], we calculated the leading order bispectrum of the lensing deflections. The bispectrum arises from changes
to the lensing convergence from non-linear large-scale structure (LSS) growth, and non-linear convergence and rotation from
post-Born corrections. The non-Gaussianity for the CMB lensing deflections is small, since the non-linear structure growth
signal is substantially suppressed by the large number of lenses along the line of sight, and the lensing kernel peaks at quite
high redshifts where the gravitational potentials are still nearly linear. However, the bispectrum will still easily be detectable,
and coincidentally is the same order of magnitude as the bispectrum from post-Born lensing (which grows with source-plane
distance); both effects need to be included, and for non-equilateral shapes partly cancel.
In this paper we give the first full calculation of the lensed CMB power spectra including the leading correction from non-
Gaussianity of the lensing deflection field. In PL16 we calculated the effect of the purely post-Born convergence-convergence-
rotation bispectrum on the lensed B modes; we now extend this to also include the full convergence bispectrum from LSS and
post-Born terms, and assess the impact of all the temperature and polarization power spectra. Ref. [6] have calculated the leading
effect of the post-Born bispectrum on the lensed CMB temperature, but since they did not include the LSS contribution their
result is not directly observable (and misestimates the sign of the full effect since the LSS terms have opposite sign and are
somewhat larger). By working to leading order in the non-Gaussian signal, but non-perturbatively in the Gaussian lensing, we
shall also see that higher-order Gaussian lensing significantly reduces the total predicted bispectrum contribution compared to
that predicted by the lowest-order fully-perturbative result.
Our notation and conventions follow PL16, so for brevity we do not repeat most of the introduction or detail of the bispectrum
calculation here. We start in Sec. II by considering a series expansion in the curl and gradient deflection angles, and derive
the leading perturbative effect on the lensed CMB power spectra. The results only depend on the total bispectrum, which can
include post-Born and LSS terms. In Sec. II A we give a simple approximate analytic model that describes qualitatively the main
effect and gives some intuition about where the signal is coming from. Finally in Sec. II B we generalize to our final result for
the leading non-Gaussian correction, including non-perturbatively (but approximately) higher order Gaussian lensing smoothing
effects that have a significant impact on the total size of the signal. This then allows us to assess the observational significance,
and hence whether it is safe to neglect the bispectrum when calculating CMB power spectra.
II. LEADING LENSED POWER SPECTRA FROM DEFLECTION NON-GAUSSIANITY
We are interested in the effect of lensing on power spectra of the CMB temperature (T), and polarization (E and B) fields. The
lensing deflection angle may be decomposed into two lensing potentials
αa = ∇aφ+ ab∇bΩ, (2.1)
where φ is the lensing potential (describing convergence κ = −∇2φ/2), Ω is the curl potential (describing rotation ω =
−∇2Ω/2), and ∇ is the covariant angular derivative. Since the few-arcminute deflections can become comparable to the scale
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2of the CMB modes being lensed, the lensed power spectra are most accurately calculated using a non-perturbative approach fol-
lowing Refs. [1, 3] in the approximation in which the lensing convergence is Gaussian and uncorrelated to the CMB. Equivalent
results for lensing by rotation in the Gaussian approximation are given in Ref. [7]. Non-linear corrections to the convergence
power spectrum are dominated by non-linear LSS growth, and are easily incorporated given a fitting function for the non-linear
matter power spectrum, though this may have significant modelling uncertainties on small scales. As shown in PL16 correc-
tions to the convergence power spectrum from post-Born lensing are negligible. Post-Born lensing does however introduce a
qualitatively new rotation signal, and the corresponding small effects on the power spectra in the Gaussian approximation are
calculated in detail in PL16. Correlations between the CMB and lensing potential are only significant on large scales and can be
neglected to high accuracy (though correlations affecting foreground contaminants could be much more significant); we neglect
them here and focus on the corrections from relaxing the Gaussian assumption.
The lensed CMB power spectra can be defined as
〈X˜`mY˜ ∗`m〉 = C˜XY`
∣∣∣
G
+ ∆C˜XY` , (2.2)
where C˜XY`
∣∣∣
G
is the non-perturbative result for the lensed CMB power spectra in the Gaussian approximation and X˜, Y˜ ∈
T˜ , E˜, B˜ are the observed lensed CMB fields. The correction ∆CXY` due to non-Gaussianity of the lensing fields is small, and
does not need to be calculated to high precision. In this paper we calculate it to leading order in the perturbations, which is
O(Ψ4), where Ψ is the gravitational Weyl potential. Since the small correction is only likely to be significant compared to
cosmic variance on small scales, we calculate it using the flat-sky approximation (the leading Gaussian term can of course be
calculated using the more accurate full-sky result of Refs. [3, 4]).
Working in the flat sky approximation, the lensed temperature anisotropies can be written as
T˜ (θ) =
∫
d2`
(2pi)2
T˜ (`) ei`·θ. (2.3)
The lensed polarization anisotropies can be defined in an analogous way in terms of the spin ±2 Stokes parameters Q˜± iU˜ and
the more physically relevant E˜ and B˜ modes[
Q˜± iU˜
]
(θ) = −
∫
d2`
(2pi)2
(
E˜(`)± iB˜(`)
)
e±i2ϕ` ei`·θ. (2.4)
The unlensed CMB observables {T`, E`, B`} are defined in exactly the same way. The lensed (or unlensed) angular power
spectra in the flat-sky approximation are then
〈X˜(`)Y˜ (`′)〉 = (2pi)2δD(` + `′) C˜XY` . (2.5)
We expand a lensed spin-s field ζ˜s(θ) as a perturbative expansion in terms of the unlensed field ζs as1 [2, 4]
ζ˜s(θ) = ζs(θ) +αa∇a ζs(θ) + 1
2
αaαb∇a∇b ζs(θ) + 1
6
αaαbαc∇a∇b∇c ζs(θ) +O(α4). (2.6)
Note that the trispectrum 〈αaαbαcαe〉 has a disconnected Gaussian piece which is already O(Ψ4) from the linear deflection
angles, hence any non-linear contribution to the connected trispectrum is of higher order: to lowest order we can consistently
neglect all N-point functions above the bispectrum. The α3 term in Eq. (2.6) could give anO(1)×O(α3) bispectrum contribution
to the lensed power spectra; however 〈αaαbαc〉 = 0 since there is no symmetric isotropic three tensor, and this term vanishes.
Expanding the remaining relevant terms into harmonics we have the series approximation
ζ˜s(`) ≈ ζs(`)−
∫
d2`1
(2pi)2
ζs(`1) e
isϕ`1` [` 1 · (` − `1)φ(` − `1) + `1 × `Ω(` − `1)]
− 1
2
∫
d2`1
(2pi)2
∫
d2`2
(2pi)2
ζs(`1) e
isϕ`1`
(
[` 1 · `2 φ(`2) + `1 × `2 Ω(`2)]
× [` 1 · (`2 + `1 − `) φ(` − `1 − `2) + `1 × (`2 − `) Ω(` − `1 − `2)] (2.7)
1 Additional small corrections due to polarization rotation, time delay, and the lensed emission angle not being orthogonal to the background last-scattering
surface are calculated in Ref. [8].
3where the cross product is defined by ` × L ≡ ab`aLb, and ϕ`1` = ϕ`1 − ϕ` is the angle between `1 and `.
Bispectra arise from correlation of three lensing potential fields, and are defined under statistical isotropy on the flat-sky by
〈X(L1)Y (L2)Z(L3)〉 = (2pi)2δD(L1 +L2 +L3) bXY ZL1,L2,L3 . (2.8)
The curl potential Ω is only generated at second order from post-Born effects, so to O(Ψ4) we only need to consider the two
bispectra bκκκ`1,`2,`3 =
`21`
2
2`
2
3
8 b
φφφ
`1,`2,`3
and bκκω`1,`2,`3 =
`21`
2
2`
2
3
8 b
φφΩ
`1,`2,`3
at leading order. The κκω bispectrum only has post-Born
contributions at leading order, but the convergence bispectrum has contributions from both post-Born and LSS non-linearities,
where explicit expressions and calculational details are given in PL16. We assume negligible primordial non-Gaussianity.
We can now proceed to calculate the bispectrum contribution to the lensed power spectra. Using Eq. (2.7) the O(φ)×O(φ2)
contribution from the convergence bispectrum assuming no unlensed B modes is
∆C˜XY` [convergence] = −
∫
d2`1
(2pi)2
∫
d2`2
(2pi)2
trigXY (ϕ`1`) [` 1 · (` + `1)] [` 1 · `2] [` 1 · (`1 + `2 + `)]
× CX¯Y¯`1 bφφφ(` + `1, `2,−` − `1 − `2), (2.9)
where trigTT (ϕ) = 1, trigEE(ϕ) = cos
2(2ϕ), trigBB(ϕ) = sin
2(2ϕ), trigTE(ϕ) = cos(2ϕ), mixed parity terms are zero and
T¯ = T , E¯ = E and B¯ = E.
Contributions involving the curl potential are aO(Ω)×O(φ2) (“correlation”) contribution that correlates the leading rotation
contribution with the second-order potential term
∆C˜XY` [correlation] =
∫
d2`1
(2pi)2
∫
d2`2
(2pi)2
trigXY (ϕ`1`) [` 1 · `2] [` × `1] [` 1 · (`2 + `1 + `)]
× CX¯Y¯`1 bφφΩ(`2,−` − `1 − `2, ` + `1), (2.10)
and a O(φ)×O(φΩ) (“mixed”) contribution:
∆C˜XY` [mixed] = −2
∫
d2`1
(2pi)2
∫
d2`2
(2pi)2
trigXY (ϕ`1`) [` 1 · `2] [` 1 · (` + `1)] [` 1 × (`2 + `)]
× CX¯Y¯`1 bφφΩ(` + `1, `2,−` − `1 − `2). (2.11)
Numerical results for the fractional change in the lensed CMB power spectrum due to the bispectrum contributions are shown
in Fig. 1. Our result for the change in the TT spectrum due to the post-Born convergence bispectrum agrees well with Ref. [6].
However, both post-Born and LSS convergence bispectra contribute at similar levels and mostly with opposite sign; in fact the
LSS contribution is somewhat larger, and hence determines the sign of the total result. The fact that the LSS and post-Born
terms partly cancel can be understood in terms of the relative sign of the bispectra for flattened triangle shapes as explained
in detail in PL16. The cancellation is illustrated at the bispectrum level in Fig. 2, which shows a slice through the bispectra
for relatively large scales (L . 200) relevant for the lensing smoothing effect on the power spectra: for flattened shapes the
post-Born bispectrum is negative, and partly cancels the larger LSS signal there. For near-equilateral shapes both contributions
are positive, but these do not have a large effect on the lensed power spectra. The convergence bispectrum effect is dominated by
near-flattened triangles because a CMB mode is only lensed if the deflection angles have component in the direction of change
of the unlensed CMB; mathematically, all three arguments of the bispectrum in Eq. (2.9) are dotted into `1, the unlensed CMB
mode.
The lensing modes responsible for the lensing of the power spectra are relatively large scale, and hence the LSS bispectrum
is expected to be well approximated by the tree-level result of Ref. [10] (evaluated using fully non-linear power spectra from
halofit [11, 12] for better accuracy). To see the typical size of effects beyond tree level we also compare to results using the
fitting formula of Scoccimarro and Couchman [9] (“SC”). For the T and E spectra the lensing smoothing, and hence bulk of the
signal comes from the bispectrum, comes from lensing modes that are all relatively large scale (L . 250), so the perturbative
tree-level result is quite accurate. The BB spectrum is more sensitive to smaller scale power, and hence Fig. 1 shows a larger
difference between the tree-level and fitting formula results for BB at high `. Our bispectrum results are calculated in the
lowest order Limber approximation; since the CMB power spectrum lensing effect is somewhat sensitive to L . 40 where this
approximation becomes inaccurate, this could lead to a small error. However, since the bispectrum correction we calculate is
small, the error on the correction should be negligible.
As shown in Fig. 1 the rotation bispectrum contributions from Eqs. (2.10) and (2.11) are an order of magnitude smaller, at most
the O(10−4) level, and hence negligible. The correlation term of Eq. (2.10) gives a qualitatively new correlation between the
leading rotation-induced lensed B modes and the convergence-induced B modes (see PL16 for further detailed discussion), but
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FIG. 1. Fractional change in the lensed CMB power spectra due to the leading correction from the lensing bispectrum (and neglecting higher-
order Gaussian lensing on the correction). Contributions from the post-Born convergence bispectrum (red) and LSS bispectrum are mostly of
opposite sign and partly cancel (tree-level LSS result is shown dashed, non-linear fitting formula of Scoccimarro and Couchman [9] (“SC”)
is shown in green). The dotted line shown the very small contributions from the two κκω post-Born bispectrum terms. The thick black line
shows the total effect.
FIG. 2. Slices through the weighted convergence bispectrum (L2L3)1/2 bκκκL1L2L3/(C
κκ
L1C
κκ
L2C
κκ
L3 )
1/2 for L1 = 200. The left plot shows
post-Born contribution to the bispectrum, the middle plot the LSS bispectrum using the non-linear fit of Scoccimarro and Couchman [9] (“SC”)
and the right plot the total bispectrum. The grey dashed line denotes the bκκκ = 0 contour. For the T and E spectra, the bulk of the signal
comes from the bispectrum with lensing modes on relatively large scales L . 250 where the difference between the tree-level and perturbative
bispectrum is relatively small.
the small size of the correlations means that the rotation and convergence induced B modes can still be regarded as uncorrelated
to a good approximation.
The full result is well approximated by just the sum of the LSS and post-Born convergence terms, since the rotation contribu-
tions are negligible. At ` < 2000 the total effect is still below cosmic variance and hence clearly negligible. The fractional effect
on the B-mode signal grows to ∼ 0.4% on small scales; however, the B-mode power spectrum is itself small, has strong off-
diagonal correlations, and is sensitive to small-scale lenses (introducing considerable non-linear modelling uncertainties from
modelling the small-scale matter power spectrum). The B-mode signal is therefore likely to be negligible in practice. On smaller
scales the EE signal also grows, being nearly 0.3% in EE at ` & 3000, which looks as though it could be clearly observationally
relevant. However, this was just a lowest order calculation, and we will need to consider higher-order Gaussian lensing effects
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FIG. 3. Top: The Gaussian lensing effect on the EE power spectrum, compared to the squeezed analytic model of Eq. (2.14) (taking
〈κ2〉 = 5 × 10−4, corresponding approximately to the convergence power at L < 250). The analytic model agrees well by eye, though the
fractional error becomes quite large on very small scales. Bottom: the change in the EE power spectrum due to the convergence bispectrum
(Eq. 2.9), compared to the analytic model of Eq. (2.14) with skewness parameter 〈κ3〉 = 2.5 × 10−7. The values of 〈κ2〉 and 〈κ3〉 in the
analytic models are chosen by hand to approximately fit the numerical amplitude.
to get a more reliable estimate. But first we discuss a simple analytic model to develop some intuition for the signal being
generated.
A. Analytic model
The lensing modes responsible for the bulk of the lensing of T and E are relatively large scale (most of the bispectrum signal
comes from modes L < 250). To consider the local impact on the small-scale modes, it is useful to approximate the large
scale lensing field by locally constant convergence and shear values. For simplicity consider just a convergence2, so the locally
constant magnification matrix is Aij = (1− κ)δij . For a local displacement ζ we have lensed field X˜ = X(Aζ), so taking the
expectation of the unlensed small-scale CMB with fixedA we have [13–15]
〈X˜(`)Y˜ (`′)〉X,Y = CXY|A−1`|
δ(` + `′)
|A| . (2.12)
Expanding in powers of the fixed κ we then have
`2C˜XY`
∣∣∣
κ
= `2|A|−1CXY|A−1`| = `2CXY` +κ
d`2CXY`
d ln `
+
1
2
κ2
(
d(`2CXY` )
d ln `
+
d2(`2CXY` )
d ln `2
)
+
1
6
κ3`
d3(`4CXY` )
d`3
+ . . . (2.13)
2 We give the more general result including shear in Appendix A
6The first order term describes the shift in angular scale due to the local κ value (which is used for lensing reconstruction).
Averaging over κ values this term vanishes, and we have the lensed spectrum
`2C˜XY` = `
2CXY` +
1
2
〈κ2〉
(
d(`2CXY` )
d ln `
+
d2(`2CXY` )
d ln `2
)
+
1
6
〈κ3〉`d
3(`4CXY` )
d`3
+ . . . (2.14)
The variance term describes the lensing smoothing effect on the peaks and troughs. The third term describes the effect of
skewness, which is out of phase with the smoothing as it depends on the third rather than second derivative of the spectrum.
As shown in Fig. 3 this approximation actually does a good job of describing the main effects on the T and E mode spectra
(after choosing the variance and skewness parameters appropriately). The third derivative describes a small sideways shift
of the acoustic peaks: non-linear clumping of matter gives concentrated areas of high density and convergence (like filaments),
surrounded by larger areas of below-average density and convergence, corresponding to a positive bispectrum and skewness (e.g.
see Ref. [16]). The larger area of low density gives an effective net demagnification of the CMB acoustic scale, corresponding
to a small average shift of the small-scale acoustic peaks to higher `.
B. Impact of higher-order lensing corrections
The result of Eq. (2.9) is based on the series expansion of the lensed field about a totally unlensed field. However since
Gaussian lensing changes the CMB power spectra by O(1) (by an amount comparable to the size of the unlensed signal) on
small scales, the result may be biased due to the neglect of higher order terms. Any three lensing modes that modify the CMB
power due to a non-zero bispectrum will in practice modify the CMB affected by other lensing modes, not the entirely unlensed
CMB: the fully unlensed CXY` that appears in Eq. (2.9) may not be the right quantity at the O(1) level.
To model the non-perturbative effects, we can follow a similar method to that used for getting the correct non-perturbative
weights for lensing reconstruction and the bispectrum following Ref. [14]. Since we do not require the result to high accuracy,
we can note that for small-scale CMB modes and large scale lenses we can approximate the geometric factors in Eq. (2.9) that
distinguish the T and E as being the same (trigXY ≈ cos(0) ≈ 1, since ` ≈ −`1 to couple to high-` CMB to large-scale
lenses). The formulae for lensing T and E will therefore be approximately equivalent, so we only need to consider the simplest
temperature case (we do not consider the B-modes spectrum here, since the perturbative bispectrum contributions are already
very small and the calculation would be more complicated since the kernel is not approximately the same as for T and E). Also,
since the bispectrum term is dominated by the convergence bispectrum, we neglect the rotation.
Consider the leading response of two small-scale CMB modes to three convergence lensing modes with non-zero bispectrum
〈X˜(`)Y˜ (`′)〉 = 〈X˜(`)Y˜ (`′)〉G + 1
6
∫
d2`1d
2`2d
2`3
〈
δ
(
X˜(`)Y˜ (`′)
)
δφ(`1)δφ(`2)δφ(`3)
〉
G
〈φ(`1)φ(`2)φ(`3)〉+ . . . (2.15)
In terms of the power spectra and bispectrum this is
δD(`+ `
′) ˜CXY` = δD(`+ `
′) C˜XY`
∣∣∣
G
+
1
6
∫
d2`1d
2`2
〈
δ
(
X˜(`)Y˜ (`′)
)
δφ(`1)δφ(`2)δφ(`3)
〉
G
bφφφ`1`2`3 + . . . (2.16)
Using δδφ(`) =
δαa
δφ(`)∇a we have
δX˜(`)
δφ(`1)
=
i
(2pi)2
`a1∇˜aX(`− `1),
δX˜(`)
δφ(`2)δφ(`3)
= − 1
(2pi)4
`a2`
b
3∇˜a∇bX(`− `2 − `3), (2.17)
where the tilde denotes the lensed quantity (i.e. the Fourier transform of the gradients at lensed positions x + α). The third
derivative term does not contribute as it vanishes after angular integration in Eq. (2.15). In Appendix B we show that〈
∇˜a∇bX(`)∇˜cY (`′)
〉
= i(2pi)2δ(`+ `′)
(
C˜ð
2XðY
` `〈a`b`c〉 +
3`2
4
C˜∇
2X∇Y
` `(aδbc)
)
≈ i(2pi)2δ(`+ `′)C˜ð2XðY` `a`b`c
(2.18)
and give explicit forms for the two lensed gradient power spectra for numerical calculation. These new spectra are similar to
the lensed power spectrum, but with the lensing smoothing applied to the power spectrum multiplied by `3; numerically the two
power spectra are quite similar (see Fig. 5), and at our level of approximation can take them to be the same, hence the final
approximation in Eq. (2.18). In the limit of zero lensing the gradient spectra are defined so that C˜ð
2XðY
` → CXY` .
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FIG. 4. The fractional change in the lensed temperature and E-mode polarization CMB power spectra due to the full post-Born plus LSS
(SC) convergence bispectrum, using the result to lowest order in the Gaussian lensing of Eq. (2.9) (dashed) compared to the more accurate
non-perturbative result of Eq. (2.20) (solid). The bispectrum response approximately goes like a derivative of the gradient spectrum, and hence
is significantly smaller using the lensing-smoothed non-perturbative result on small scales. The final . 0.15% change is negligible, and the
cross-correlation TE spectrum behaves similarly.
Using this result we have
〈
δ
(
X˜(`)Y˜ (`′)
)
δφ(`1)δφ(`2)δφ(`3)
〉
G
≈ 6
(2pi)4
[(`+ `1) · `1][(`+ `1) · `2][(`+ `1) · `3]δ(`+ `′)C˜ð2XðY|`+`1| . (2.19)
Hence after a change of integration variable our more accurate result for T and E spectra, which is non-perturbative in the
Gaussian lenses, is finally
∆C˜XY` [convergence] ≈
∫
d2`1
(2pi)2
∫
d2`2
(2pi)2
trigXY (ϕ`1`) [` 1 · (` + `1)] [` 1 · `2] [` 1 · (`1 + `2 + `)]
× C˜ð2XðY`1 bφφφ(` + `1, `2,−` − `1 − `2). (2.20)
Here we manually re-inserted the trigXY (ϕ`1`) ≈ 1 factor for consistency with the weak lensing limit in the case of polarization.
This result is then the same form as Eq. (2.9) but using the lensed gradient power spectrum C˜ð
2XðY instead of the unlensed
spectrum. Since the lensed gradient power spectra are smoother than the unlensed spectra, and since (as discussed in Sec. II A)
the response to the bispectrum goes like a third derivative of the spectrum, the net effect is that the amplitude of the bispectrum
term is significantly reduced on small scales. Fig. 4 shows how the ∆C˜` from the bispectrum is reduced in amplitude from
nearly ∼ 0.3% on small scales for EE, to at most ≈ 0.15%. The final effect on the EE signal is detectable at less than 2σ even
with perfect cosmic-variance limited noise-free data to ` ∼ 4000, and hence negligible. The temperature signal is somewhat
smaller, and the cross-correlation follows a similar pattern.
III. CONCLUSIONS
We presented new analytic results for the leading corrections to the lensed CMB power spectra from the lensing bispectrum,
including non-perturbative Gaussian smoothing which is quantitatively important for the overall size of the signal. Our final
calculation of the change in the power spectra due to the lensing bispectrum contribution is safely negligible at ` < 4000.
Since the temperature and E-polarization signals are dominated by large-scale lenses where the tree-level bispectrum result is
quite accurate, this conclusion should be robust to uncertainties in the modelling of non-linear LSS bispectrum. For B-mode
polarization smaller-scale lenses are more important, and hence more strongly non-linear non-Gaussianity could give larger
corrections. Results from ray tracing numerical simulations, e.g. following Ref. [17], should of course include both the LSS and
post-Born effects non-perturbatively, but the analytic results should be sufficiently accurate to model of the signal if required
to avoid small biases when analysing far-future small-scale polarization data. With high signal to noise measurements of the
large-scale lensing modes the observed sky can also be delensed at the map level, which would reduce the bispectrum signal
further.
8In this paper we assumed no primordial non-Gaussianity, and only studied the effects on the power spectra arising from the
lensing bispectrum. Other non-linear processes (such as the Sunyaev–Zel’dovich effect) could have larger non-Gaussianities and
hence more important effects if they have not be masked or removed in the analysis.
Appendix A: Power spectrum from large-scale convergence and shear
For large-scale constant convergence κ and shear γ, the magnification matrix is Aij = (1 − κ)δij − γij with determinant
|A| = (1 − κ)2 − g2 where g2 ≡ γijγij2 = γ211 + γ212. Expanding to third order in the convergence and shear, and noting that
[γ2]ij = g
2δij , we have
|A−1`| = `
√
ˆ`TA−1A−1 ˆ`=
(
[1 + κ+ ˆ`T γ ˆ`] + [κ2 + 2κ ˆ`T γ ˆ`+
3
2
g2 − 1
2
( ˆ`T γ ˆ`)2]
+ [κ3 + 3κ2 ˆ`T γ ˆ`+
1
2
g2(9κ+ ˆ`T γ ˆ`)− 3
2
κ( ˆ`T γ ˆ`)2 +
1
2
( ˆ`T γ ˆ`)3] + . . .
)
`, (A1)
where ˆ`≡ `/` is a unit wavevector. To get the power spectrum we want to average over ˆ`angles and use∫
dφ` ˆ`
T γ ˆ`= 0,
∫
dφ`
2pi
( ˆ`T γ ˆ`)2 =
g2
2
,
∫
dφ`( ˆ`
T γ ˆ`)3 = 0. (A2)
Expanding, using the angular averages and taking the expectation value (so that 〈g2〉 = 〈κ2〉) we then have the approximation
for the lensed spectrum
`2C˜XY` =
∫
dφ`
2pi
〈`2|A|−1CXY|A−1`|〉 = `2CXY` +
1
2
〈κ2〉
(
3
2
d2(`2CXY` )
d ln `2
+
d(`2CXY` )
d ln `
)
+
1
6
〈κ3〉`d
3(`4CXY` )
d`3
+
1
4
〈κg2〉
(
`
d3(`4CXY` )
d`3
− d
2(`4CXY` )
d`2
+
1
`
d(`4CXY` )
d`
)
+ . . . (A3)
The power spectrum smoothing using this result looks very similar to Fig. 3 if the effective convergence variance parameter is
adjusted appropriately (smaller in this case, since the shear increases the total effect). The effect of the convergence skewness is
the same, but with shear there is an additional 〈g2κ〉 term which depends on the squeezed shape of the bispectrum and hence the
total effect is no longer determined by a single parameter.
Appendix B: Gradient power spectra
First consider the relevant lensed gradient correlation function, which can be decomposed (assuming Gaussianity of the lensing
field) as
χXYabc (r) ≡ 〈∇a∇bX(x+α)∇cY (x′ +α′)〉
= i
∫
d2`
(2pi)2
CXY` `a`b`ce
i`·r exp
(
−1
2
`2[σ2(r) + cos(2φ)Cgl,2(r)]
)
≡ χXY3 (r)rˆ〈arˆbrˆc〉 +
3
4
χXY1 (r)rˆ(aδbc), (B1)
where r = x− x′, φ = φ` − φr, and the σ2(r) and Cgl,2(r) functions are as defined in the standard result for the lensing of the
power spectrum [1] (our notation follows the detailed derivations in Ref. [4]). In the last line we defined correlation functions
for the two irreducible tensors, where angle brackets denote the irreducible symmetric trace free part of the enclosed indices and
hats denote unit vectors. Noting `a`b`crˆ(aδbc) = `3 cos(φ) and rˆ(aδbc)rˆ
aδbc = 43 we have
χXY1 (r) = −
∫
d`
`
`2CXY`
2pi
e−`
2σ2(r)/2`3
(
J1(`r) +
`2Cgl,2(r)
4
[J3(`r)− J1(`r)] + . . .
)
(B2)
where Jn(x) are Bessel functions. Likewise using `a`b`crˆ〈arˆbrˆc〉 = `
3
4 cos(3φ) we have
χXY3 (r) =
∫
d`
`
`2CXY`
2pi
e−`
2σ2(r)/2`3
(
J3(`r) +
`2Cgl,2(r)
4
[J1(`r) + J5(`r)] + . . .
)
(B3)
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FIG. 5. Difference between lensed and unlensed temperature and E-polarization spectra, for the usual lensed spectrum (black) and the two
gradient power spectra relevant for the response to the bispectrum (red and black; defined by Eq. (B6) and calculated in the approximation
in which T and E modes are treated the same neglecting small effects at the level of the lensed B modes). The two gradient power spectra
are similar, and both are lower than the normal lensed spectrum on small scales: the gradient lensing smoothing is operating on `3 times
the normal spectrum, which reduces the transfer of power from large to small scales compared to lensing the standard spectrum. The cross-
spectrum behaves similarly.
Transforming to harmonic space we then have〈
∇˜a∇bX(`)∇˜cY (`′)
〉
= (2pi)2δ(`+ `′)
∫
dre−`·rχXYabc (r) (B4)
= (2pi)2δ(`+ `′)
∫
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3
4
cos(φ)χXY1 (r)`
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(B5)
≡ i(2pi)2δ(`+ `′)
(
C˜ð
2XðY
` `〈a`b`c〉 +
3`2
4
C˜∇
2X∇Y
` `(aδbc)
)
, (B6)
where we defined the power spectra given by
C˜∇
2X∇Y
` = −2pi
∫
rdr
J1(`r)
`3
χXY1 (r), C˜
ð2XðY
` = 2pi
∫
rdr
J3(`r)
`3
χXY3 (r). (B7)
Numerical results for the two spectra are shown in Fig. (5) (in the approximation in which the small-scale EE follows the scalar
result derived here).
ACKNOWLEDGMENTS
We thank Julien Peloton for providing numerical covariances including lensing correlations. We acknowledge support from
the European Research Council under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant
Agreement No. [616170].
[1] Uros Seljak, “Gravitational lensing effect on cosmic microwave background anisotropies: A power spectrum approach,” Astrophys. J.
463, 1 (1996), astro-ph/9505109.
[2] Wayne Hu, “Weak lensing of the CMB: A harmonic approach,” Phys. Rev. D62, 043007 (2000), arXiv:astro-ph/0001303 [astro-ph].
[3] Anthony Challinor and Antony Lewis, “Lensed CMB power spectra from all-sky correlation functions,” Phys. Rev. D71, 103010 (2005),
arXiv:astro-ph/0502425 [astro-ph].
[4] Antony Lewis and Anthony Challinor, “Weak gravitational lensing of the CMB,” Phys. Rept. 429, 1–65 (2006), arXiv:astro-ph/0601594
[astro-ph].
[5] Geraint Pratten and Antony Lewis, “Impact of post-Born lensing on the CMB,” JCAP 1608, 047 (2016), arXiv:1605.05662 [astro-ph.CO].
10
[6] Giovanni Marozzi, Giuseppe Fanizza, Enea Di Dio, and Ruth Durrer, “CMB-lensing beyond the Born approximation,” JCAP 1609, 028
(2016), arXiv:1605.08761 [astro-ph.CO].
[7] Hamsa Padmanabhan, Aditya Rotti, and Tarun Souradeep, “A comparison of CMB lensing efficiency of gravitational waves and large
scale structure,” Phys. Rev. D88, 063507 (2013), arXiv:1307.2355 [astro-ph.CO].
[8] Antony Lewis, Alex Hall, and Anthony Challinor, “Emission-angle and polarization-rotation effects in the lensed CMB,” (2017),
arXiv:1706.02673 [astro-ph.CO].
[9] Roman Scoccimarro and H. M. P. Couchman, “A fitting formula for the nonlinear evolution of the bispectrum,” Mon. Not. Roy. Astron.
Soc. 325, 1312 (2001), arXiv:astro-ph/0009427 [astro-ph].
[10] F. Bernardeau, S. Colombi, E. Gaztanaga, and R. Scoccimarro, “Large scale structure of the universe and cosmological perturbation
theory,” Phys. Rept. 367, 1–248 (2002), arXiv:astro-ph/0112551 [astro-ph].
[11] R. E. Smith et al. (The Virgo Consortium), “Stable clustering, the halo model and nonlinear cosmological power spectra,” Mon. Not. Roy.
Astron. Soc. 341, 1311 (2003), astro-ph/0207664.
[12] Ryuichi Takahashi, Masanori Sato, Takahiro Nishimichi, Atsushi Taruya, and Masamune Oguri, “Revising the Halofit Model for the
Nonlinear Matter Power Spectrum,” Astrophys. J. 761, 152 (2012), arXiv:1208.2701 [astro-ph.CO].
[13] Martin Bucher, Carla Sofia Carvalho, Kavilan Moodley, and Mathieu Remazeilles, “CMB Lensing Reconstruction in Real Space,” Phys.
Rev. D85, 043016 (2012), arXiv:1004.3285 [astro-ph.CO].
[14] Antony Lewis, Anthony Challinor, and Duncan Hanson, “The shape of the CMB lensing bispectrum,” JCAP 1103, 018 (2011),
arXiv:1101.2234 [astro-ph.CO].
[15] Camille Bonvin, Chris Clarkson, Ruth Durrer, Roy Maartens, and Obinna Umeh, “Do we care about the distance to the CMB? Clarifying
the impact of second-order lensing,” JCAP 1506, 050 (2015), arXiv:1503.07831 [astro-ph.CO].
[16] Antony Lewis, “The real shape of non-Gaussianities,” JCAP 1110, 026 (2011), arXiv:1107.5431 [astro-ph.CO].
[17] M. Calabrese, C. Carbone, G. Fabbian, M. Baldi, and C. Baccigalupi, “Multiple lensing of the cosmic microwave background
anisotropies,” JCAP 1503, 049 (2015), arXiv:1409.7680 [astro-ph.CO].
